We prove for a standard graded K-algebra A = R/I, where K is a field, R the polynomial ring K[x 1 , . . . , x n ], that, if I has a universal degree reverse lexicographic Gröbner basis of degree 2, then A is a strongly Koszul algebra. If A is a homogeneous semigroup ring, the same result is obtained by using the Graver bases theory.
Introduction
Let R = K[x 1 , . . . , x n ] be the polynomial ring over the field K and A = R/I be the standard graded K-algebra where I is a graded ideal. It is known that the K-algebra A is Koszul if the residue field K has a linear resolution as an A-module.
It is easy to see that if A is a Koszul algebra then I is generated by quadratic polynomials. From the other hand, if I has a quadratic Gröbner basis with respect to some term order, then A is Koszul (see [3] ).
In general these implications are strict.
The definition of strongly Koszul algebra is given in [6] . More precisely a homogeneous K-algebra, is called strongly Koszul if it is a finitely generated graded K-algebra which is generated over K by elements of degree 1 and its graded maximal ideal m admits a minimal system of generators u 1 , . . . , u n such that for all subsequences u i 1 , . . . , u ir with i 1 < i 2 < · · · < i r and for all j = 1, . . . , r − 1, the colon ideal (u i 1 , . . . , u i j−1 ) : u i j is generated by a subset of elements of {u 1 , . . . , u n }.
The condition "I has a Gröbner basis of degree 2" is not sufficient for A to be a strongly Koszul algebra.
Consider the universal degree reverse lexicographic Gröbner basis (U dr for short), as the union of the Gröbner basis
where every G i is defined with respect to one of the n! degree reverse lexicographic order induced by all permutations of variables x 1 , . . . , x n .
In section 1 we prove that for any graded standard K-algebra, if the universal degree reverse lexicographic Gröbner basis of I is of degree 2, then A is strongly Koszul. We use essentially a result obtained in [3] , where the authors consider the Koszul property of a standard graded algebra A, deduced by the existence of a Gröbner basis of degree 2, for the ideal I of R,
The crucial point is that any ideal (x l , . . . ,x n ) with 1 ≤ l ≤ n has a linear resolution if the term order in R is the reverse lexicographic one.
Since we have n! reverse lexicographic orderings on the monomials of R, depending on the permutation of the variables, this fact induces a strong condition about Gröbner basis of I that gives the strongly Koszul property of A.
In section 2 the notion of strongly Koszul algebras is studied when A = R/I is a homogeneous semigroup algebra. We recall the definition of Graver basis and primitive binomials of I and we establish a bound for the degree of the generators of the ideals (x i ) ∩ (x j ), for all i = j, that is given by the maximum degree of the primitive binomials in I. If this maximum degree is 2, then A is strongly Koszul. At the end of this section we give a alternative proof of the result given in section 1 in the case of semigroup algebra, using properties of the primitive binomials that are elements of the universal degree reverse lexicographic Gröbner basis of degree 2.
The last section is dedicated to the research of the universal degree reverse lexicographic Gröbner basis of two classical semigroup algebras that are strongly Koszul (see [6] ):
1. The 2th Veronese algebra; 2. The Segre product of two polynomial rings.
For these purposes we consider the indexes appearing in the monomial of each primitive binomial in the ideal of presentation I of A and we fix an "ordering" related to these indexes. As expected, the universal degree reverse lexicographic Gröbner bases of these algebras have degree 2.
Universal degree reverse lexicographic Gröbner basis
Let R = K[x 1 , . . . , x n ] be the polynomial ring in n variables on a field K, I ⊂ R a graded ideal.
We recall the 
where every G i is defined with respect to one of the n! degree reverse lexicographic order induced by and let I be the ideal generated by the set of binomials
Then F is a universal Gröbner basis for I.
Proof. See [7] , Example 1.4. In the previous examples the universal Gröbner basis and the universal degree lexicographic Gröbner basis coincide, and in particular they have the same degree. This is not always the case as the following example shows. The universal Gröbner basis is given by the set of binomials of degree 2,
and by the binomials of degree 3,
The universal degree reverse lexicographic Gröbner basis is given only by the binomials in
which has a Gröbner basis of homogeneous elements of degree 2 with respect to a given term order. Then
Proof. See [3] , Theorem 2.2. Since I has a universal degree reverse lexicographic Gröbner basis of degree 2 we easily obtain that A/(x i 1 , . . . ,x is ) has a linear A-resolution for all subset {x i 1 , . . . ,x is } of the set {x 1 , . . . ,x n } by changing the order of x i and applying Proposition 1.8 n! times. Now since the matrices of the A-resolution have linear entries it is easy to observe that also the colon ideals 
Proposition 1.8. If I has a Gröbner basis of degree 2 with respect to the reverse lexicographic term ordering, then
A/(x l , . . . ,x n ) has a linear A-resolution with 1 ≤ l ≤ n.
Definition 1.9 ([6]). The homogeneous K-algebra
(x i 1 , . . . ,x is ) :x i s+1 for all 1 ≤ i 1 ≤ · · · ≤ i s+1 ≤ n,U dr (S) = {t 1 t 3 − t 2 2 , t 3 t 5 − t 2 4 , t 5 t 2 2 − t 1 t 2 4 }.
U dr of degree implies strongly Koszul
In this section we prove Theorem 1.10 in the case A is a semigroup ring, by using the theory of Graver basis of I.
Let R = K[x 1 , . . . , x n ] be a polynomial ring over a field K and let S = {f 1 , . . . , f r }, with f i monomials in R. For each monomial f ∈ R, log(f ) is the multi-index of f .
The subring of A generated by S
is called semigroup ring, induced by the semigroup N log(f 1 ) + · · · + N log(f r ). Let ϕ be the graded epimorphism of K-algebras
with ϕ(
that is a graded prime ideal generated by binomials (see [8] , Proposition 7. A binomial
is called primitive if there exists no other binomial
The set of all primitive binomials in P (S) is called Graver basis Gr S of P (S).
Remark 2.2. The Universal Gröbner basis of P (S) (that is the Gröbner basis with respect to all term orders) is a subset of the Graver basis
Gr S (see [7] , Chapter 7). 
If there is not a primitive binomial involving both u i and u j , then δ(u
Proof. Let a be in the minimal set of generators of (u i ) ∩ (u j ) and we write
with α and β in N r .
Suppose that T i T α −T j T β ∈ P (S) is not a primitive binomial. This implies that exists a primitive binomial
Then we have one of the following cases:
i) T i |T γ and T j |T δ implies that T γ |T α and T δ |T β and we have
and a is not a generator
is not a generator of ( 
. We want to show that ∀i = j = 1, . . . , r, (u i ) ∩ (u j ) is generated by monomials of degree 2.
By Proposition 2.5 it follows
and
This implies that the minimal set of generators of (u i ) ∩ (u j ) is a subset of
Therefore it is sufficient to show that all elements in I of degree bigger than two are generated by elements of degree 2 in I. Case 1) Suppose that there are not primitive binomials of degree 2 such that
We fix a degree reverse lexicographic ordering such that
By hypothesis, the Gröbner basis of P (S) has degree 2 and if T j divides one of the monomials in a binomial in P (S) this monomial is the trailing one.
Therefore the binomial T i T α −T j T β reduces to 0 by a sequence of binomials of degree 2. A binomial T i T k − T l T m with T i T k as initial term is not allowed since in that case either l or m should be equal to j and this contradict the hypothesis. Therefore the only binomials that reduce (2) is the initial term of
is equal to j. Then we continue the reduction steps, we say k time, when γ(2k) = j. Therefore we have
Case 2) Suppose that there are primitive binomials of degree 2 such that
and, if we fix a degree reverse lexicographic ordering such that T j < T i < T k ∀k = 1, . . . , r, k = i, k = j, then the Gröbner basis of P (S) has degree 2.
Therefore the binomial T i T α −T j T β reduces to 0 by a sequence of binomials of degree 2. After a number of steps, we say k, we have either as in case 1) a sequence of binomials
with γ(2k) = j then u i u j divides u i u α , or we'll have
with α(2k) = i and since
and this implies u α(2k−1)
Veronese rings and Segre product of polynomials rings
In this section we prove that the following classes of homogeneous semigroup rings:
1. The 2th Veronese algebras;
2. The Segre products of two polynomial rings;
are strongly Koszul and their toric ideals admit a universal reverse lexicographic Gröbner basis of degree 2.
(1) Let R the second Veronese subring of
We say N = n(n + 1)/2 the number of variables of S. If we fix the degree reverse lexicographic ordering on S, with respect to one of the N! degree reverse lexicographic ordering induced by all permutations of the variables T ij , 1 ≤ i ≤ j ≤ n, then the ideal P (S) is generated by the following set of binomials, ∀i 1 
} (in the other cases the binomial is a product of 2 linear forms). 
Remark 3.2. It is easy to observe that if we fix the degree reverse lexicographic order induced by
All the monomials with a given index support that are divisible by T i r−1 ir are less than the other monomial with the same index support. We call this set of monomials H. Now suppose that
All the monomials in H that are divisible by T i r−3 i r−2 are minimal in this set, and so on. At the end is easy to observe that the ordered monomial is the minimum with a given index support. (2) and (3) Let u the initial term of u−v. This implies that u is not ordered. Therefore there exists a binomial in G whose initial term is not ordered that divides u whose reduction have 4 of the 6 indexes ordered . We reduce u − v by this binomial and obtain a new binomial u − v. Now, either u or v is the initial term, and this implies that this term is not ordered. After a finite number of reduction of this kind, we obtain that u and v are ordered and since they have the same index-support they are equal. 
